We have studied the effects of Lorentz-invariance violation in the Bose-Einstein condensation (BEC) of an ideal bosonic gas, assessing both the nonrelativistic and ultrarelativistic limits. Our model describes a massive complex scalar field coupled to a CPT-even and Lorentz-violating background. First, by starting from the nonrelativistic limit of our model and by using experimental data, we give upper limits for some parameters of our model. But, the existence of the nonrelativistic BEC, in a Lorentz-invariance violating (LIV) framework, imposes strong restrictions on some LIV parameters. It is shown that only the critical temperature gains LIV contributions.
can open up a new route for searching for small deviations of Lorentz symmetry if refined and accurate experimental techniques are used. Therefore, Bose-Einstein condensation could provide a new set of laboratory tests relevant for restricting Lorentz-violation parameters even more. The aim of the present work is to study the effects of the Lorentz-invariance violation in Bose-Einstein's condensation of an ideal bosonic gas both in the nonrelativistic and ultrarelativistic limits via the finite-temperature-field-theory formalism. In section II, we present the model that will be used to describe both the nonrelativistic and ultrarelativistic BEC. In section II.A , we take the nonrelativistic limit of our model with the following purposes. First, to study the nonrelativistic BEC and, second, to establish upper bounds for some of the LIV parameters. The existence of the BEC phenomenon in LIV backgrounds imply strong restrictions over some of our LIV coefficients which are related with some parameters of the SME. In section II.B, we study the charged relativistic bosonic gas. The construction of a well-defined partition function implies strong constraints on one LIV parameter. In section III, we give our final remarks and conclusions.
II. A CPT-EVEN AND LORENTZ-INVARIANCE VIOLATING MODEL FOR THE COMPLEX SCALAR FIELD
The simplest Lorentz-invariance violating Lagrangian for the complex scalar field in (1+3)-dimensions is
where κ µ is a CPT-odd Lorentz-violating four-vector with mass dimension 1 and, λ µν is a dimensionless symmetric tensor ruling the CPT-even and Lorentz-invariance violating contributions. The second term in Lagrangian (1) was already used to study Lorentz-violating effects on topological defects generated by scalar fields in (1+1) dimensions [13] . A similar term has been also adopted to study the influence of Lorentz violation on the relativistic version of acoustic black holes generated in an Abelian Higgs model [14] . Further, in the context of the aether-like models, the model (1) can be considered as an extension of those obtained in Ref. [15] . However, it is worthwhile to observe that the CPT-odd LIV term ruled by κ µ can be eliminated by an appropriate canonical field redefinition
Note that the inverse of the expression in parentheses does exist because the Lorentz-violating parameter λ µν is small compared to 1. By expressing the Lagrangian (1) in terms of the new field ϕ, we get
which no longer exhibits the CPT-violating term depending on κ µ , whereas the mass term acquires a small correction. If the term iκ µ (φ * ∂ µ φ − φ∂ µ φ * ) can be removed with such a canonical transformation, it is not a true LIV term and the κ µ vector cannot be measurable. Taking into account these considerations, we set κ µ = 0. Therefore, from now on we will only consider the CPT-even and Lorentz-violating term in the lagrangian density for the complex scalar field, that is
A. A nonrelativistic Bose-Einstein condensation in a CPT-even and Lorentz-violating framework
For applications of the model (4) in low energy situations, we compute its associated nonrelativistic lagrangian density,
where H ′ C is the canonical hamiltonian density given by
The modified Schrödinger equation generated by the nonrelativistic Lagrangian density is
The first term in the previous equation plays the role of the Planck's constant (h), in such a way that λ 00 may be limited by the relative uncertainty (∆h/h). From this, one writes
where 3.6 × 10 −8 is the best value for the ratio ∆h/h provided by CODATA 2006 [16] . If we perform the following field rescaling: ψ → (1 + λ 00 ) −1/2 ψ and ψ * → (1 + λ 00 ) −1/2 ψ * , the modified Schrödinger equation would be read as
By looking the second term, we can set an upper limit for λ 00 using the relative uncertainty of 2 /2m that can be obtained using the respective relative uncertainties of (h/m) and (h). For example, for the 87 Rb atom we get λ 00 ≤ 4.9 × 10 −8 , and for the electron we obtain λ 00 ≤ 3.74 × 10 −8 . Both results are compatible with the value obtained in Eq. (8) .
The lagrangian (5) is invariant under the following global field transformation: ψ → e −iα ψ , ψ * → e iα ψ * , whose conserved charge density is (1 + λ 00 ) ψ * ψ. The conjugate momenta to ψ and ψ * are π * = i (1 + λ 00 ) ψ * and π = 0, respectively.
In the nonrelativistic regime, the partition function is
where µ is the chemical potential associated to the conserved charge (1 + λ 00 ) ψ * ψ. The integration is performed over the fields satisfying periodical boundary conditions in the τ variable:
. By performing the momentum integrations and some integrations by parts, the partition function reads as
where the operator D is
with γ = 1 + λ 00 . In absence of LIV interactions, the operator defined in Eq. (12) is ∂ τ − 1 2m ∇ 2 − µ , whose zero-mode is intimately related with the existence of the Bose-Einstein condensation. It allows to guarantee that the BEC phenomenon occurs when µ → 0 − . The value µ = 0 is the fundamental value for occurring BEC. Such condition is similar to the superconductivity phase transition: it only happens when the value of the resistivity is zero [17] . Now, from Eq. (12), the existence of a zero-mode leads to the requirement µ − λ 00 m/2γ = 0. As the value µ = 0 is measured in the laboratory, the existence of the zero mode linked to BEC in a LIV framework implies that
which is compatible with the limits obtained for it. Also, under the condition (13), γ = 1. Therefore, by imposing restriction (13) and computing the functional integration (11) in the Fourier space, the partition function becomes
with ω n being the bosonic Matsubara's frequencies, ω n = 2πn/β, n = 0, ±1, ±2, . . .. We have defined N as a symmetric matrix whose components are N ij = δ ij − λ ij . It will be positive-definite if the components λ jk are sufficiently small. By performing the summation in Eq. (14), we get
Now, we make the following operations under the momentum integral. First, we do a translation p k → p k + N −1 kj λ 0j . Next we perform a rotation p → Rp, such that R diagonalizes the matrix N, i. e., R T NR = D, where D is a diagonal matrix whose elements are the eigenvalues of N. Finally, we make the following rescaling p → D −1/2 p. Under such manipulations the partition function (15) becomes
where
The quantity m N −1 kj λ 0k λ 0j /2 is positive-definite. The nonrelativistic BEC, in an ideal bosonic gas, must occurs when µ → 0 − , therefore, it implies that λ 0k must be null:
Therefore the partition function becomes
with ǫ = p 2 /2m. The physical considerations yielding conditions (13) and (17) impose that only purely spacelike CPT-even parameters (λ ij ) contribute for the nonrelativistic partition function. The contribution of the terms λ ij was also observed in the results of Refs. [5, 7] . We observe that in Eq. (18) the full LIV contributions are contained in the factor (det N) −1/2 , consequently, by setting as null the LIV parameters, i. e., N ij = δ ij , we obtain the partition function for the complex scalar field in absence of Lorentz-violating backgrounds.
The the nonrelativistic particle density is given by
Here, the chemical potential must be negative (µ < 0), once the particle density is non-negative. Note that Eq. (19) is an implicit formula for µ as a function of ρ and T . For T above some critical temperature T C , one can always find one value of µ for which Eq. (19) holds. If the density ρ is held fixed and the temperature is lowered, µ → 0 − , in the region T ≥ T C one achieves
while the critical temperature is
Here,
is the critical temperature in absence of LIV interactions. A expansion in (21) can be used to establish an upper limit for the parameter tr(λ ij ) by using the relative uncertainty of the BEC temperature. With this purpose, the BEC temperature T (BEC) is experimentally determined in the range 0.5-2µK [17] . However, the most refined experiments are able to obtain temperatures of the order of 0.5 × 10 −10 K [19] . If we consider 10 −11 as the lowest temperature ever detected, the relative uncertainty for BEC temperature would be 2 × 10 −5 -5 × 10 −6 . Thus, we establish the following upper-bound
so that the charge density in the ground state (p = 0) is
This shows that the fraction of the condensate density is not modified by the Lorentz-violating interactions. The condition for nonrelativistic BEC, ρ ≪ m 3 , is maintained. The bonafide description of the nonrelativistic BEC in LIV backgrounds by our scalar model allows to construct in a consistent way the partition function of a relativistic charged ideal gas and to analyze the ultrarelativistic BoseEinstein condensation in a LIV framework.
B. The relativistic ideal gas in a CPT-even and Lorentz-invariance violating framework
The model of Lagrangian (4) is invariant under the U (1) global symmetry, φ → e −iα φ and φ * → e iα φ * , where α is any real constant. The conserved charge density, expressed in terms of the fields and their conjugate momenta, is:
It preserves the same canonical structure of the Lorentz invariant case. The canonical conjugate momenta associated to φ and φ * are π * =φ * (1 + λ 00 ) − λ 0j ∂ j φ * and π =φ (1 + λ 00 ) − λ 0j ∂ j φ, respectively. This model does not possess constraints and its canonical Hamiltonian density,
is positive-definite for λ µν sufficiently small. The partition function is defined as
where µ is the chemical potential. The functional integration is performed over the fields satisfying periodic boundary conditions, φ (τ + β, x) = φ (τ , x) , and φ * (τ + β, x) = φ * (τ , x). By performing the momentum integrations and some integrations by parts in the sequel, the partition function takes the form
and we have made the following definitions: η = 1 − λ τ τ , λ τ τ = −λ 00 and λ τ j = −iλ 0j . The functional integration in (27) is computed in the momentum space, yielding ln Z (β) = −V dp
where ω n the bosonic Matsubara's frequencies, ω n = 2πn β , n = 0, ±1, ±2, ....
Performing the summation in (29),
where we have ruled out irrelevant constants and, the parameters a, b, c are given by
We observe that in Eq. (31) the chemical potential gains an imaginary part, η −1 βλ τ j p j , which changes the bosonic character of the field. The possibility of statistical transmutation depending on the linear momentum and the temperature does not happen in physical systems. Therefore, to describe a relativistic bosonic ideal gas in a CPT-even and Lorentz-violating framework we must impose that the coefficients λ τ k are null:
Under such physical requirement, Eq.(31) becomes simpler
and the partiction function will describe a relativistic bosonic ideal gas composite of charged particles. Thus, after performing the summation, the partition function (29) becomes
where we have defined N as a symmetric matrix, whose elements are N jk = δ jk − λ jk , and that is positive-definite for sufficiently small values of λ jk . Now, we take the following operations under the momentum integral. First, we perform a rotation p → Rp, such that R diagonalizes the matrix N, i. e., R T NR = D, where D is a diagonal matrix whose elements are the eigenvalues of N. Finally, we make the rescaling p → η 1/2 D −1/2 p. The partition function (35) is then rewritten as
Both integrals converge if |µ| ≤ M and the ultrarelativistic BEC occurs when µ = ±M . We observe that in Eq. (36) the full LIV contributions are contained in the factor (det N) −1/2 and in η −1 . Consequently, by setting as null the LIV parameters, i.e., N ij = δ ij , η = 1, we recover the partition function for the relativistic complex scalar field in absence of Lorentz-violating backgrounds [18] .
1. The CPT-even and Lorentz-invariance violating contribution to the ultrarelativistic BEC We follow Ref. [18] to describe the ultrarelativistic BEC in this CPT-even and Lorentz-violating framework. Thus, for |µ| < M the charge density is
This equation is really an implicit formula for µ as a function of ρ and T . For T above some critical temperature T C , one can always find a value for µ such that Eq. (37) holds. If the density ρ is maintained fixed and the temperature is lowered, the chemical potential µ increases until the point |µ| = M is reached. Thus, in the region
When |µ| = M and the temperature is lowered even further such that T < T C , the charge density is written as
where ρ 0 is a charge contribution from the condensate (the zero-momentum mode) and the ρ * (β, µ = M ) is the thermal particle excitations (finite-momentum modes) which is given by Eq. (37) with |µ| = M .
The critical temperature T C , in which the Bose-Einstein condensation occurs, is reached when |µ| = M , and is determined implicitly by the equation ρ = ρ * (β C , µ = M ), so that
with T (BEC) = (3 |ρ| /m) 1/2 being the BEC critical temperature [18] in absence of the Lorentz-invariance violation.
Observe that the CPT-even coefficients give first-order contributions. At temperatures T < T C , expression (39) is an equation for the charge density ρ − ρ 0 of the nonzero momentum (p = 0) states,
Thus, differently from the critical temperature and the chemical potential, the fraction of the condensate charge is not modified by the Lorentz-violating interactions. In absence of the LIV terms, the necessary condition for an ideal Bose gas of mass m to undergo Bose-Einstein condensation at a ultrarelativistic temperature (T C ≫ m) is that ρ ≫ m 3 . Such a condition is slightly modified by the LIV interactions to ρ ≫ (1 − λ τ τ ) −3/2 m 3 .
III. REMARKS AND CONCLUSIONS
We have analyzed both nonrelativistic and ultrarelativistic Bose-Einstein condensation of an ideal Bose gas via a simple model for a complex scalar field containing CPT-even and Lorentz-violating terms. Initially, we have studied the nonrelativistic case whose partition function is well-defined. The existence of the Bose-Einstein condensation phenomenon in this framework imposes strong restrictions on the Lorentz-violating parameters, λ 0j = 0 and λ 00 = 0. This implies that only the pure space-like coefficients, λ ij , contributes to the nonrelativistic BEC of an ideal bosonic gas in a LIV framework. In addition, by using the experimental data for BEC's temperatures, we achieve the following upper-bound, tr(λ ij ) < 3 × 10 −6 . It is worth to observe that the full LIV contributions are contained in the factor (det N), thus, in absence of LIV backgrounds, N ij = δ ij , the usual nonrelativistic BEC's phenomena can be reproduced. In this regime, the condensate charge density fraction remains unaltered and just the critical temperature is corrected by LIV contributions.
The appropriate description of the nonrelativistic BEC has suggested the possibility to analyze, in a consistent way, the ultrarelativistic Bose-Einstein condensation of a charged relativistic ideal bosonic gas in this LIV framework. In this case, for obtaining a well-defined relativistic partition function describing the correct statistical behavior of charged bosons, we must impose strong constraints on the LIV parameters, λ τ j = 0. The remaining LIV coefficients affect the critical temperature and the chemical potential, while the condensate charge density remains unaltered. It is worth to notice that the full LIV contributions are contained in the factors det N and η thus, in absence of LIV backgrounds, i.e. N ij = δ ij and η = 1, the usual ultrarelativistic BEC's phenomena can be obtained.
Therefore, we can affirm that the existence of BEC's phenomenon, in both nonrelativistic and ultrarelativistic cases, imposes that the LIV parameters λ 0j (related to λ 0τ ) are null. The parameter λ 00 (related to λ τ τ ) is not constrained in the relativistic case but is set as null in the nonrelativistic limit. On the other hand, the parameters λ ij give contributions in both limits.
It is worthwhile to observe that all the LIV parameters of (4) present in the nonrelativistic Lagrangian density (5) can be related with some parameters of the SME determined by the Lagrangian of free spin-1/2 Dirac fermions of mass m [2, 5] . Specifically, our scalar model reproduces the non spinor terms of the nonrelativistic limit of the free fermionic Lorentz-violating Hamiltonian, given by Eq. (13) of Ref. [5] , and the Hamiltonian (1) of Ref. [7] . We justify such connection by remembering that, in absence of LIV backgrounds, the form of the Schrodinger equation for the description of nonrelativistic bosonic free systems is universal depending only on the particle mass. Similarly, it is the form of Pauli's equation for the free spin-1/2 particle. By eliminating the spinorial terms from free Pauli's equation, the remaining ones constitute the Schrodinger equation for free bosonic particles. A similar association can be established in the presence of Lorentz-violating backgrounds. It is worth to notice that, the magnitude of the LIV coefficients depends in the peculiar properties of each particle. Thus we do not transfer the experimental-bounds from the scalar sector to the fermion one. In true, we are proposing a strategy that opens the possibility to establish certain limits in some LIV coefficients of the fermionic sector without considering the spin of the particle. This situation is similar to case when we study the hydrogen atom without considering the contribution of electron spin. Based on those statements, we can thus establish the following correspondence:
λ 00 m → a 0 − mc 00 − me 0 ,
By considering an exact correspondence and using our restrictions and limits, we can establish that a 0 − mc 00 − me 0 = 0,
a j − m (c 0j + c j0 ) − me j = 0, 
The first and second constraints on the fermionic SME parameters are still not reported in the literature [4] . The third equation gives a good upper bound, but there are even better ones in the literature [4] .
